INEQUALITIES FOR EIGENFUNCTIONS OF THE p-LAPLACIAN 



BARKAT ALI BHAYO AND MATTI VUORINEN 



Abstract. Motivated by the work of P. Lindqvist, we study eigenfunctions of 
the one-dimensional p-Laplace operator, the sinp functions, and prove several 
inequalities for these and p-analogues of other trigonometric functions and their 
inverse functions. Similar inequalities are given also for the p-analogues of the 
hyperbolic functions and their inverses. 
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1. Introduction 

In a highly cited paper P. Lindqvist [LJ studied generalized trigonometric func- 
tions depending on a parameter p > 1 which for the case p = 2 reduce to the 
familiar functions. Numerous later authors, see e.g. |LP| . |BEMlt IBEM2] . |DM] 
and the bibliographies of these papers, have extended this work in various directions 
including the study of generalized hyperbolic functions and their inverses. Our goal 
here to study these p-trigonometric and p-hyperbolic functions and to prove several 
inequalities for them. 

For the statement of some of our main results we introduce some notation and 
terminology for classical special functions, such as the classical gamma function 
r(x), the psi function ip{x) and the beta function B{x,y). For Rex > 0, Rey > 0, 
these functions are defined by 

r(x) = re-H^-Ut, Hx) = B{x,y) = 

Jo r(x) T{x + y) 

respectively. 

Given complex numbers a, h and c with c 7^ 0,-1, —2, . . ., the Gaussian hyper- 
geometric function is the analytic continuation to the slit place C \ [1, 00) of the 
series 

^ Qj Tlj^ T?/^ 

F{a, h- c; z) = -.F^ia, h- c; z) = V |^| < 1. 

^ (c,n) n\ 
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Here (a, 0) = 1 for a 7^ 0, and (a, n) is the shifted factorial function or the Appell 
symbol 

(a, n) = a{a + l)(a + 2) ■ ■ ■ (a + n — 1) 

for n e N\{0}, where N = {0, 1,2,.. .}. The hypergeometric function has numerous 
special functions as its special or limiting cases, see [ASj . 

We start by discussing eigenfunctions of the so-called one- dimensional p-Laplacian 
Ap on (0, 1), p G (1, 00). The eigenvalue problem [DM] 

-Apu = - (|m'|p-V) = X\u\P"\ u{0) = u{l) = 0, 

has eigenvalues 

An = (P - l){nTCpY, 

and eigenfunctions 

smp{mipt), n eN, 
where sin^ is the inverse function of arcsin^ , which is defined below and 



TTp 



P Jo V \ V V ) p sin(7r/p) 



Motivated by P. Lindqvist's work, P. J. Bushell and D. E. Edmunds [BE] found re- 
cently many new results for these generalized trigonometric functions. Some authors 
also considered various other p-analogues of trigonometric and hyperbolic functions 
and their inverses. In particular, they considered the following homeomorphisms 

siup : (0, ap) — > /, coSp : (0, ap) — )■ /, tan^ : (0, hp) — )■ /, 
sinhp : (0, Cp) — j- /, tanhp : (0, 00) — > / , 

where / = (0, 1) and 



, iV''/ 1 1 1 
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For X G /, their inverse functions are defined as 



arcsmp x 



f (l-tP)-^/Pdt = xF ( -,-;! + -■,xp] 
Jo \P P P J 

= xil-x^yP-^^/PF (^1,1-1 + ^-xP^ , 

arctanpo; = f (1 + t^y^dt = x F ( + -xA , 
Jo \ P P J 

arsinhpx = f il + tPy^/^dt = xF (- + -xA , 
Jo \P P P J 

artanfipX = ! il - fpy^dt = xF { I + -]xA , 
Jo \ P P J 

and by [BE', Prop 2.2] arccoSpX = arcsinp((l — x^)^/^). For the particular case p = 2 
one obtains the famihar elementary functions. 

The paper is organized into sections as follows. Section 1, the introduction, 
contains the statements of our main results. In Section 2 we give some inequalities 
for the p-analogues of trigonometric and hyperbolic functions. Section 3 contains 
the proofs of our main results and some identities. Finally in Section 4 we give 
some functional inequalities for elementary functions and Section 5 contains two 
small tables with a few values of the function sin^ and related functions compiled 
with the Mathematica® software. 

Some of the main results are the following theorems. 

1.1. Theorem. For p > 1 and x G (0, 1), we have 



X^ \ . TTp 



(1) 1 H — -. X < arcsin^x < — x, 

^ ' V pC^+p)) ' 2 

(2) (l + (1 - x^flP < arccospx < ^ (1 - x^f'^, 
\ p{l+p)J 2 

(p(l+p)(l + xP)+xP)x / xP 

3 \, < arctan„ x < 2^'p b„ 

p(l +p)(l + xp)i+Vp p \1 + xpJ 

1.2. Theorem. For p > 1 and x G (0, 1), we have 
(1.3) 

log(l + xP)\ . , A 1, f X' 

z \ l^ < arsmhr, x < z \ 1 + - log 1 + x'^ 



\ + p J \ P J \l + x^' 

(1.4) X ^1 — log(l ~ ^^Aj < artanhpX < x ^1 log(l — xP] 

The next result provides several families of inequalities for elementary functions. 

1.5. Theorem. For x > and z = 71x12, the function g{p) = /(zPy^P is decreasing 
in p E (0,oo), where f{z) G {arsinh(z), arcosh(2;), artanh(22;/7r)}. 
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2. Preliminaries and definitions 

For convenience, we use the notation ]R_|_ = (0, oo) . 

2.1. Lemma. |N2t Thm2.1] Let f : M+ — R+ be a differentiahle, log- convex function 
and let a > 1. Then g{x) = {f {x)Y / f {a x) decreases on its domain. In particular, 
if < X < y , then the following inequalities 

f{ay) - f{ax) " ^^^^^^ 

hold true. If < a < 1, then the function g is an increasing function on IR+ and 
inequalities are reversed. 

For easy reference we recall the following identity \ASl 15.3.5] 
(2.2) F(a, b; c; z) = {1 - z)-^F{h, c-a;c] -z/{l - z)) . 

For the following lemma see |AVVll Thms 1.19(10), 1.52(1), Lems, 1.33, 1.35]. 
2.3. Lemma. (1) For a,b,c> 0, c < a + b, and \x\ < 1, 

F{a, b; c; x) = (1 - xy'"''^F{c - a, c - b; c; x) . 

(2) For a,x e (0, 1), and b,c e (0, oo) 

ab 

F{—a, b;c;x)<l x . 

c 

(3) For a,x E (0, 1), and b,c E (0, oo) 

F{a, b; c; x) + F{—a, b]c;x) > 2 . 

(4) Let a,b,c E (0, oo) and c > a + b. Then for x G [0, 1], 

^/ , N T(c)T(c — a — b) 

F{a,b-c-x) < )> ^ 

r(c — a)T[c — b) 

(5) For a,b > 0, the following function 

, N _ ^{(^^ b;a + b;x) - 1 
^^""^ ~ log(l/(l-a;)) 

is strictly increasing from (0,1) onto {ab/{a + b),l/B{a,b)). 
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2.4. Lemma. For p > 1 and x e (0, 1), the functions 

(arcsinp(a;''))^/*' and (artanhp(a;'''))^/'' 

are decreasing in k G (0, oo), also 

(arctanp(a;''))^/'' and (arsinhp(a;^))^/'' 

are increasing in k & (0, oo) . 
In particular, for k > 1 

arcsinp(x'=) < arcsinp(a;) < (arcsinp-v/x)^ , 

artanhp(a;'=) < artanhp(x) < (artanhpv^)*^ ■ 
(arsinhp-yx)*^ < arsinhp(a;) < arsinhp(a;'=) , 
(arctanpv/a?)*^ < arctanp(a;) < ^ arctanp(a;'^) . 

Proof. Let let 

fik) := {E{x')y^\Eix) := f g{t)dt,E ^ E{x^). 

Jo 

We get 

/' = -£;V^ log E^^ + '-E^^-^E'x^ log . = ^ ( - log ^ - (.^1 - 1) log ^) . 
If > 1, then 

git) dt > 1. 
If g is increasing, then 

E'-^k=9{^")-^u[ 9{t)dt>Q, 

so that x'^^ — 1 > 0. Thus /' < under these assumptions. 

For arcsiup and artanhp, is (1 — t^^^^/p and (1 — t^)~^, so the conditions are 
clearly satisfied. Additionally, we see that for arsinhp and arctaup the conditions 
g < 1 and g is decreasing and this conclude that /' > 0. This completes the proof. 

□ 

2.5. Theorem. For p > 1 and r, s e (0, 1), the following inequalities hold 

(1) arcsinp(r s) < y^axcsin^(r^yaxcsin^(s^ < arcsinp(r) arcsinp(s), r, s e (0, 1) , 

(2) artanhp(rs) < ■\/artanhp(r2) artanhp(s2) < artanhp (r) artanhp (s), r, s e 
(0,1), 

(3) arsinhp(r^) arsinhp(s^) < -y/arsinhp(r2) arsinhp(s2) < arsinhp(rs) , 




6 B. A. BHAYO AND M. VUORINEN 

(4) artanhp(r) artanhp(s) < A/artanhp(r^) artanhp(s^) < artanhp(r s) . 
Proof. Let h{x) := \ogf{e^). Then h is convex (in the case) when h" > 0, i.e. iff 

-(/'+?//") >(/')^ 

y 

where y = and the function is evaluated at y. If /" > 0, then 

- > /(O) 

y 

, so a sufficient condition for convexity is /'(0)(/' + yf") > {f'Y- If /" < 0, the 
reverse holds, so a sufficient condition for concavity is f'{0){f' + yf") < (/')^- 
Suppose 

fix) := [ g{t) dt. 
Jo 

Then f = g and /" = g'. Then one easily checks that h is convex in case g is 
(1 - tP)-Vp and (1 - tP)-^, and concave for g equal to (1 + tP)-Vp and (1 + fP)-^.! 
Now proof follows easily from Lemma 12.41 □ 

2.6. Lemma. For k,p > 1 and r > s, we have 

/aK^y ^ arcsinp(.^) 
\arcsmp(r) / arcsmp^r'') 

/artanhp(s) \ ^ artanhp(s'^) ^ ^ 

yartanhp(r) J ~ artanhp(r'^) ' ' ' ' 

arsinhp(g^) ^ / arsinhp(g) y ^ ^ ^ (0 1) 
arsinhp(r'^') ~ \arsinhp(r) / ' ' ' 

Proof. For x > 0, the following functions 

u{x) = arcsinp(e~^') , v{x) = artanhp(e~^) , 

wi{x) = l/arsinhp(e~'^) 

are log-convex by the proof of Theorem 12.51 Let x < y, = r > s = e~^, now 
inequalities follow from Lemma [2.11 □ 

2.7. Lemma. (K] Thm 2, p. 151] Let J G ^ be an open interval, and let f : J ^ M. 

be strictly monotonia function. Let : f{J) J be the inverse to f then 

(1) if f is convex and increasing, then f~^ is concave, 

(2) if f is convex and decreasing, then f~^ is convex, 

(3) if f is concave and increasing, then f~^ is convex, 

(4) if f is concave and decreasing, then f^^ is concave. 
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2.8. Lemma. For k,p > 1 and r > s, we have 



Vsiripl 




tanhpl 




tanhpl 


» 







\tanh„(s)/ tanhp(s^)' ' ^ 

' > ^^44!. '-..e(0.l). 



\smhp(s) / sinhp(s^) 
Inequalities reverse for k G (0, 1). 

Proof. It is clear from the proof of Theorem 12.51 that the functions 

/(x) = log(arcsinp(e~^')), g{x) = log(artanhp(e~^')), h{x) = log(l/arsinhp(e^)) 

are convex and decreasing, then Lemma [2.7( 2) imphes that 
f-\y) = log(l/sinp(e^)), g-\y) = log(l/ tanhp(e^)), h-\y) = log(sinhp(e-J^)) 



are convex, now the result follows from Lemma 12.11 □ 
2.9. Lemma. For p > 1, the following inequalities hold 



[1) A/sinp(r2) sinp(s2) < sinp(r s) , r, s G (0, 7rp/2) 



(2) A/tanhp(r2) tanhp(s^) < tanhp(r s) , r, s G (0, oo) 



(3) sinhp(r s) < A/sinhp(r2) sinhp(s^) , r, s G (0, oo) . 

Proof. Let f{z) = log(arcsinp(e"^)), z > 0. Then 

f'{z) = -(1 - e-n-'^'/F{l/p, 1/p- 1 + 1/p; < 0, 

/ is decreasing and by the proof of Theorem 12.51 / is convex. By Lemma 12.7( 2). 
f~^{y) = log(l/ sinp(e^)) is convex. This implies that 

log ( • / !/9 „/9N 1 < 1 (log ( . \ +log 



smp(e 



/2ey/2) y - 2 V Vsinp(e^) J Vsinp(e?') 



letting r = e^^^ and s = e^^^, we get the first inequality. 
For (2), let g{z) = log(artanhp(e~^)), z > and 

g'{z) = -1/((1 - e-nF{l, l/p; 1 + l/p; e'^) < 0, 

hence g is decreasing and by Theorem l2.5| q is convex. Then g^^{y) = log(l/artanhp(e^)) 
is convex by Lemma [2.71^ 2). and (2) follows. Finally, let hi{z) = log(l/arsinhp(e^)) 
and 

h,{z) = -1/F h , l/p; 1 + l/p; j < 0. 
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Then h^^{y) = log(sinhp(e^^)) is decreasing and convex by Lemma 12.7( 2). This 
imphes that 

log(l/sinhp(e-"/2e-f/2)) < (log(l/ sinhp(e-")) + log(l/ sinhp(e-^)))/2, 
and (3) holds for r, s G (0, oo). Again h2{z) = log(l/arsinhp(e^^)) and 

h',{z) = 1/p- 1 + 1/p; 1/(1 + en))-' > 0, 

similarly proof follows from Lemma [2.71^ 2). this completes the proof of (3). □ 

2.10. Lemma. For p > 1, the following relations hold 

(1) A/sin2rysin2£y^sinp((r + s)/2), r, s G (0, 7rp/2), 

(2) A/sinhp(r) sinhp(s) < sinhp((r + s)/2), r, sG(0,oo). 

Proof. The proof follows easily from Lemma [2l9] and l^fT^ < r+s since the functions 
are increasing. 

□ 

2.11. Lemma. For p > 1, the following inequalities hold 

(1) sinp(r + s) < sinp(r) + sinp(s) , r, s G (0, rtp/A) , 

(2) tanhp(r + s) < tanhp(r) + tanhp(s) , r, s G (0, bp/2) , 

(3) tanp(r + s) > tanp(r) + tanp(s) , r, s G (0, bp/2) , 

(4) sinhp(r + s) > sinhp(r) + sinhp(s) , r, s G (0, Cp/2) . 

Proof. Let /(x) = arcsinp(x), x G (0,ap). We get 

/'(x) = (l-x^)-l/^ 

which is increasing, hence / is convex. Clearly, / is increasing. Therefore 

/i = r'{y) = sinp(?/) 

is concave by Lemma [2.7( 1). This implies that /{ is decreasing. Clearly /i(0) = 0, 
and by [ AWH Thm 1.25], fi{y)/y is decreasing. Now it follows from |AVVH Lem 
1.24] that 

/i(r + s)</i(r) + A(s), 
and (1) follows. The proofs of the remaining claims follow similarly. □ 



3. Proof of main results 
3.1. Proof of Theorem 11.11 By Lemma [^T^ 3). (2) we get 
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and the first inequality of part one liolds. For tlie second one we get 

OC ^ ' I J ^1 I ^ 3^ 

\P p p 
xT{i + i/p)r(i + i/p - i/p - i/p) 
^ r(i + i/p - i/p)r(i + i/p - i/p) 



P I \ P I P \ P P 



by Lemma [531^4). By HH Prop (2.11)], arccoSpX = arcsinp ((1 - xP)^/^), and (2) 
follows from (1). For (3), if we replace b = l,c — a = 1/p, c = 1 + 1/p, = z/{l — z) 
in fl2.2p then we get 



arctanpX = a;F(l,-;lH — ; — 
VP P 

X \ f 1 
F 1,1;1 + -; 



1 + xP J \ p 1 + xP 

X \ / 1 _ n 1 1 x^ 



1 + xP J \1 + xP J VP'p' p'l + xP 



F -,-,1 + -; 



xP V^" /II 1 xP 
F -,-;l + -; 



1 + xP J VP'p' p^ 1 + xP 

i/p 

1 + xP 



third identily and inequality follow from Lemma [2.3( 1). (4). For the lower bound 
we get 



f xP f ^/l 1 1 xP \\ 

arctan„ x > 2 - F -, -: 1 + -: 

^ \l + xP) V \P P pl + xPjJ 

(p(l +p)(l + x^') +xP)x 

p{i + p){i + xpy+^/p 

from Lemma [2.3( 3) . (2) . 

3.2. Proof of Theorem 11.21 For (11. 3p . we replace b = 1/p, c — a = 1/p, c = 1 + 1/p 
and xP = z/(l — z) in (12. 2p and see that 

11 1 \ / xP \ _ / 1 1 xP 



arsinhpX = xF [ - ,- ;l + -; -x^ = F 1, -; 1 + -• 

\p p p J \l + xP/ VP pl + xP 

Now we get 

log (1 + xP) [ x^ \ 
1+p vi + ^^ 
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11, 1 p\ ( . 1 , ( . xP \\ ( xP ^^^^ 



-,-;l + -;-xM < l--log 1 ^ 
\p p p J \ p \ 1 + XP//\1 + XP 

from Lemma [2.3( 5) and observing that i?(l, 1/p) = p, this imphes (11.31) . 
For (ll.4p we get from Lemma I2.3r 5) 



l+p \\ — xP ) \ P P ) P \\ — xP 

which is equivalent to 

x(\- log(l - x^)^ < x F ^1 , ^ ; 1 + ^ ; j < x (^1 - i log(l - x^; 

and the result follows. 

3.3. Remark. For the particular case p = 2. Zhu [Z] has proved for x > 

6x/2(v/rT^- 1)1/2 

-= — , < arsmhix). 

4 + y2(v^rT^+l)i/2 

When p = 2, our bound in Theorem 11.2( 1) differs from this bound roughly 0.01 
when X G (0, 1). 

3.4. Lemma. For p > 1 and x G (0, 1), the following inequalities hold: 

(1) arctanp(x) < arsinhp(x) < arcsinp(x) < artanhp(x) , 

(2) tanhp(z) < sinp(z) < sinhp(2;) < tanp(z) , 

the first and the second inequalities hold for z G (0,7rp/2), and the third one holds 
forze (0,6p). 

Proof. From the definition of the p-analogues functions we get (1), and (2) follows 
from (1). □ 

3.5. Lemma. For p > 1, we have 

< 7r„ < — — , 7r„ 



3p2 — 2 ^ 6p2 — TT^ ' ^ p sin(7r/p) 
Proof By [KWl Thm 3.1] we get 



TT f TT^ \ /7r\ TT / 2 

1 - — < sin - < - 1 - 



p \ Qp"^ J \p J p \ 3p2^ 

and the result follows easily. □ 

3.6. Lemma. For a G (0, 1) and k,r,s G (1, oo) , the following inequalities hold 

(1) 71"rs < y/lL^^Pn^ < a/tT^ TT^ , 

(2) -Kragi-a < aiTr + {I — a)7ls , 
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k 



(3) - <^,r<s. 

Proof. Let /(x) = log(7re:r), x > 0. We get 

/"(x) = e"^''7r^(csc (e"""??))^ - e^^vrcot (e^'^vr) , 

which is positive, because the function g{y) = {csc{y)y — y cot{y) is positive. This 
imphes that / is convex. Hence 

\0g{7l^(.+y)/2) < ^ (log(7re:.) + log(7rey)) , 

setting r = e^^"^ and r = e^/^, we get the first inequahty of (1), and the second one 
follows from the fact that Hp is decreasing in p G (1, oo). Now it is clear that tt^.^ is 
convex, and we get 

1T^ax+{l-a)y < aiTeX + (1 — a)TT , 

and (2) follows easily. Let < x < ?/, then we get 



from Lemma [2. 1^ and (3) follows if we set r = and r = e^. □ 
3.7. Lemma. For p > 1 and x G (0, 1), we have 

arcsiui, ( , ) = arctanr,(x) , 



arcsinp(a;) = arctaup 



arccoSp(x) = arctaUp 



X 



^1-xP 
^1-xP 



X 



arccos„ ( , = arctanr,(a;) 



Proof. We get 



arctan„(x) = xf(-,-;1-\ — ; —x^ 
\p p p 

X ( 1 xP 

F 1,1:1 + -; 



1 + xP \ p 1 + xP 

X ( 1 \^Ip-^ „ /I 1 1 xP 



-,-;! + -; 



1 + xP \1 + xP ) \v V p 1 + xP 

X „(11 If X 



F\-,-A + - 



1 + xpj vp'p' p'\{i + xpy/p 

X 



arcsmp 



^1 + xP 
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by fl2.2p and Lemma l2.3r i). Write y = — x'^, and second follows from first 

one. For the third identity, we get 



arctanp I = x-^l — x^F I -, -; 1 H — ; (1 — 



x'^ 



X / \p p p 

= arcsinp((l — x^Y^^) = arccoSp(x) 

by (12 ■2p . Lemma 12.3( 1) and |BE| Prop 2.2]. Similarly, the fourth identity follows 
from third one. □ 

3.8. Conjecture. For a fixed x G (0, 1), the functions 

sinp(7rp x/2), tanp(7rp a;/2), sinhp (cpx) 

are monotone in p E (1, oo). For fixed x > 0, tanhp(x) is increasing in p E (1, oo). 

4. Some relations for elementary functions 

4.1. Lemma. For x E (0)1); the following functions 

fi{k) = smix'^ f'^ , f2{k) = cos(x'^)^/'= , f^{k) = t^n\i{z^ f'^ , 
are increasing in (0, oo). 
Proof. We get 

f[{k) = (x^cot(x'=) log(x'=) - log(sin(a;'=))) smix'^Y^'' /k^, 
which is positive because 

hiiy) =ycot{y) \og{y) - log(sin(?/)) > . 

For /2 we get 

f^(k) = -(x'=tan(a;'=)log(a;'=) + log(cos(x^')))cos(x'=)^/VA;2, 

which is positive because the function h2{y) = ?/tan(?/) \og{y) + log(cos(y)) < 0. For 
/s we get 

= tanh(z^)^/^ log(^')/ sinh(2^^) - log(tanh(z^))). 



Let 

hiy) = 22/log(2/)/sinh(2?/) - log(tanh(|/)), y = e (0, oo). 
Clearly h^{y) > for y > I. For ?/ G (0, 1) we see that h^i^y) > iff 

% log(l/) ^ ^ 
sinh(2t/) log(tanh(?/)) ~ 

which holds because y > tanh(?/). In conclusion, f^{k) > for all z G (0, oo). 

□ 

4.2. Lemma. The following inequalities hold 
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(1) a/ arccos(r^)arccos(s2) < arccos(r s) , r, s G (0, 1) 



(2) arctan(r)arctan(s) < A/arctan(r^)arctan(s^) < arctan(r s) 
for r,s E (0, 1) 

(3) Y/arcosh(r2) arcosh(s^) < arcosh(rs); r, sG(1,oo). 

Proof. For (1) we let f{x) = log(arccos(e~^')) , x > 0, and get 



J,,, vc^^-T + e^^'arccos(e ^ g 

(e^^ — l)^/^arccos^(e~^) ~ ' 

hence / is concave, and the inequahty follows. 

For (2) we define g{x) = log(arcsin(e~^)) ,x > and obtain 

^ ^ (e2- + l)^an-i (e-)' 

because y < tan(?//(l — y"^)) for y G (0, 1), hence g is concave. Therefore the first 
inequality of (2) follows and the second one follows from Lemma 14.11 Finally we 
define h{x) = log ( ar cosh (e^)) , x > and get 



^//^ ^ e^(e^A/e2^ — 1 — arcosh(e^)) 
(■g2x _ 1)3/2 arcosh^(e^') 

This implies the proof of (3). □ 

4.3. Lemma. Forr,s G (0,oo), we have 

(1) cosh(r s) < a/ cosh(r2) cosh(s^) < cosh(r) cosh(s) , 
here second inequality holds for r, s G (0, 1), 

(2) tanh(r) tanh(s) < A/tanh(r^) tanh(s^) < A/tanh(r2 s^) . 

Proof. For (1) we let gi{x) = log(cosh(e~'^)) and g2{x) = log(cosh(e^)) , x > 0, and 
we get 

g';(x) = e-2"(l/(cosh2(e-")) + e"tanh(e-")) > 0, 
g'^{x) = e^(e7(cosh2(e^)) +tanh(e^)) > 0, 

hence gi and g2 are convex, and the first inequality of (1) holds, and its second 
inequality follows from Lemma 14.11 The firstinequality of (2) follows from Lemma 
14.11 For the second one let hi{x) = log(tanh(e~^)), x > and get 

(-csch^ (e-^) + 2e^csch (2e-^') - sech^ (e~^')) 

which is negative, hence hi is concave. Again, let h2{x) = log(tanh(e^)) and get 

-e^ (e^csch^ (e^') - 2csch (2e^) + e^sech^ (e^')) < . 

This implies that h2 is also concave, and the second inequality of (2) holds for 
r, s G (0, oo). 

□ 
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4.4. Lemma. For y E (0, 1), we have 

(4.5) I y cot j log y < log (^sin 

(4.6) y coth (y) log y < log (sinh (y)) 



(4.7) log (tan (^)) > |ylog(y) esc (^) sec (^) . 

Proof. Let /(y) = f ycot (^) log y - log (sin {^)) . We get 

f'iy) = ^cot log ?/ - iyTT^csc^ log ?/ 

logfv^i) I cosiny/2) \ 

^ V 2 sm\ny/2) sin(7ry/2) y' 



TT 

2 

TT log(y"i) ^TT?/ . /Tcy\ fny 
sm — — cos 



2sin2(7ry/2) V 2 V 2 7 V 2 

TT \og{y-^) fny sm{nyy 



2sin^(7r?//2) V 2 2 

This is positive because x > sin a: for x G (0, 27r), and /(I) = and this completes 
the proof. Next, let 

g{y)=y coth {y) log y - log (sinh (y)) . 

We get 



d'iy) = ■ , 2/ N (y ~ sinh(?/) cosh(?/)) < 0, 



log(Vy) 
sinh^(?/) 

because sinhx > x/ coshx for x > 0. Moreover, g tends to zero when y tends to 
zero and this implies the proof of (14. 6p . Next, let 

h{y) = log (tan (y)) ~ \y^^^{y) CSC (y) sec (y) • 

We see that 

^ (l/) = -^y^og{y) sec j + 4^ Z/log(z/) esc j 
-|log(l/)csc(^) sec(^) 

= Trlog ( - ) csc^(7ry)(sin(7ry) — ny cos(ny)) < 0, 

\yj 

because x < tana; for x G (0, 1). Hence h is increasing and tends to log(7r/2) when 
y tends to zero and this implies the proof. □ 
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4.8. Lemma. (1) The function 

H{y) = ^TTlog (1) cot (^) - log (esc (^)) 

is decreasing from (0,1) onto (0, log(7r/2)). 
(2) The function 

G{y) = log (cosh (y)) - ^7r|/log(?/)tanh (^j 
is increasing from (0,1) onto (0, 7rlog(cosh(7r/2))/2). 
Proof. We get 

' / 'Try \ 

H'{y) = csc^ (y) (^~^) + sin(7ry)) 

= -^csc^ I^Y) (7r|/log(l/y) - sin(7ry) log(l/|/)) , 

which is positive. Next, 

G\y) = -i7rlog(y)tanh (^) - Ivr^y log(y)sech2 (t) > 0' 
and the hmiting values follow easily. □ 

4.9. Lemma. The following function is increasing from (0, 1) onto (0, 7r(log(7r/2))/2) 

9i^) = /, ^ „ log ( - ) - arcsin(x) log 



1/1 — \x/ \arcsin(a;) 

/n particular, 

^x/VT^ < arcsin(x)^^^^°(^) < (|)"^^ x^/^^. 

Proof. We get 

/ ,T^log(a;) log(2;) log (arcsin(,x)) 

^^""^ " " (1 - ,x2)-^/2 " 7T^ ^ ^^r=1^ 

log(l/x) — (1 — x^) log(l/arcsin(a;)) 
(1 - x2)3/2 

log(arcsin(a;) '•"^"^^ ^a;) 
(1 - x2)3/2 ' 

which is clearly positive, and g tends to zero when x tends to zero and 1. □ 
4.10. Lemma. For x G (0, 1) , the following functions 

f{k) = sin (^ x''^ ^ , g{k) = tan (^ x''^ ^ , /i(A;) = sinh [x'')^^'' , 
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are decreasing in (0, oo). In particular, for k > 1 



Y sin ^— x'' j < sin ^— x j < sin ^— v^x 

^tan ^— x^^ < tan ^— x j < tan ^— 
\/ sinh (x'^) < sinh (x) < sinh ( -yx) 

Proof. We get 



k 



f\k) = (sin 



vrx'^ loGffx) cot ( ^ I loe ( sin ( ^ 



2fc P 



^ ''^sinf^^^ (^7rA;x''log(l/x) cot ) - 2 log (1/ sin 



2A;2 



which is negative by Lemma [4.8( 1). Next, we get 

I -Kx^ log(x) CSC sec log ^tan ^- 



g (k) = (tan 



vrx" 



2A; 



by (gTD. Finally, 

= ^/ ginh (x^) f ^"^^"^^ """^^ ^'''''^ 
I A; k'^ 

= Vsinh (x^) (x'^ log(x'=) coth (x'^) - log (sinh (x'^) ) ) {1/k^ 

which is negative by inequality (14.61) . and this completes the proof. 
4.11. Lemma. The following functions 

f{k) = cos (^^x'/'Y ,xe{0,l), 

g{k) = cosh (x'')^'''' , x G (0, 1) , 

h{k) = arcosh ^— x'^^ 
are decreasing in (0, oo). In particular, for k > 1 



X G (1, oo) , 



cos ( "^v^j ^ COS (^"^^j ^ y COS (^^^* 



\/ cosh (x^) < cosh (x) < cosh ( 
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k 



y arcosh {^^'^^ — arcosh (^"^^^ ^ arcosh (^^v^j • 
Proof. We get 

/ (x) = cos^ ( -TTx^/'^ j ^ ^ + log (cos (7rx^/V2)) < 

and proof of g follows from Lemma [4.2^ 1). 
Finally, for y > 7r/2, let 

y\og{2y/n) 



j{y) = arcosh (y) log (arcosh (y)) — 



V-1 

and 

■V ^ log(2y/7r) log(arcosh(?/)) 
J (y) = H , — > 0, 

(^2 _ 1)3/2 ^/^^ 

and 

j(7r/2) = arcosh(7r/2) log(arcosh(7r/2)) = 0.0235 . 
With z = x'' we get 

arcosh (7r2;/2)"'^^'^ / 7r2;log(z) 
Farcosh (7r2;/2) y2^y{TTz/2y 

This is negative, because j{y) > for y > 7r/2. □ 

4.12. Lemma. The following relations hold 



I arcosh (tt 2; 72)"'^''^ / 7r2;log(z) , / \ , / 

h [x] = — — -— — arcosh —z/2 log arcosh — 

^ ' Farcosh 71^/2 \ 2J(7iz/2)^ - 1 V2W V2/ 



^1) sin(r) sin(s) < a/ sin(r2) sin(s^), r, s G (0, 1) , 



(2) cos(r) cos(s) < a/ cos(r2) cos(s^) < cos(r s) , 

(3) tan(r) tan(s) > A/tan(r2) tan(s^) > tan(rs), 



the first inequalities in (2) and (3) hold for r,s G (0, \fnj2\ and second 
ones for r,s ^ (0, 1). 

Proof. Clearly (1) and the fist inequality of (2) follwos from Lemmas I4.1b nd 1 4.11^ 
respectively. Let g{x) = log(cos(7r e"^/2)), x > 0, we get 



g"(x) = -— sec' — - - - e"" tan 



4 V 2 y 2 V 2 

= -- e"'"" sec' ( j (e"" sin (e"^7r) + vr) < 0, 

and the second inequality of (2) follows. 

For (3), we define h{x) = log(tan(7r e~^/2)), x > 0, and we get 

h"{x) = e-^vr (1 - e^^vrcot (e^^vr)) esc (e^^'vr) > 0, 

hence h is convex, and the second inequality follows easily, and the first one follows 
from Lemma [4. 101 □ 
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4.13. Lemma. For a fixed x G (0, 1), the function g{k) = (cos kx + sinkxY^'' is 
decreasing in (0, 1). 

Proof. Differentiation yields 

/ • /, \ /, ..L f kx(cos(kx) ~ sm(kx)) ,,0 

g I k) = (sin(/ea;)+cos( kx)) -; — ^ — ^ loelsml fcx) + cosl/ex)) //c . 

^ ' ^ ^ ^ V sin(A;x) + cos(A;x) v 7 \ n j 1 

To prove that this is positive, we let 2; = fcx , ?/ = cos z + sin z < 1.1442 

h{z) = (cos z + sin z) log(cos z + sin z) — z{cos z — sin z) , 

and observe that 

h (z) = z cos z + (cos z — sin z) log(cos z + sin z) + z sin z 
= zy + log ' - log y'''' ' > 0, 
because e^^ > y^'"^. This implies that g' (k) > 0. □ 

5. Appendix 

In the following tables we give the values of p-analogue functions for some specific 
values of its domain with p = 3 computed with Mathematica® . For instance, we 
can define |Ru] 

arcsinp[p_, x_] := x *Hypergeometric2Fl [1/p, 1/p, 1 + 1/p, x~p] 
sinp[p_, y_] := X /. FindRoot [ arcsinpEp, x] == y, {.x, 0.5 }] 



X 


arcsinp(x) 


arccoSp(a;) 


arctanp(a;) 


arsinhp(a;) 


artanhp(x) 


0.00000 


0.00000 


1.20920 


0.00000 


0.00000 


0.00000 


0.25000 


0.25033 


1.17782 


0.24903 


0.24968 


0.25099 


0.50000 


0.50547 


1.07974 


0.48540 


0.49502 


0.51685 


0.75000 


0.78196 


0.88660 


0.68570 


0.72710 


0.85661 


1.00000 


1.20920 


0.00000 


0.83565 


0.93771 


00 



X 


sinp(x) 


coSp(a;) 


tanp(a;) 


sinhp(x) 


tanhp(x) 


0.00000 


0.00000 


1.00000 


0.00000 


0.00000 


0.00000 


0.25000 


0.24967 


0.99478 


0.25098 


0.25033 


0.24903 


0.50000 


0.49476 


0.95788 


0.51652 


0.50518 


0.48517 


0.75000 


0.72304 


0.85362 


0.84704 


0.77588 


0.68283 


1.00000 


0.91139 


0.62399 


1.46058 


1.08009 


0.82304 



With a normalization different from ours, some eigenvalue problems of the p- 
Laplacian have been studied in [BRJ . 
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